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Abstract of the Thesis

Engineering Supermodes of Coupled Resonator Arrays

by
Ruopeng Jia
Master of Science in Electrical and Computer Engineering
Northeastern University, April 2024
Dr. Sunil Mittal, Advisor

Resonators form one of the most commonly used components of optical and on-chip
photonic circuits and devices. Specifically, ring resonators, have enabled several on-chip photonic
applications such as optical wavelength-multiplexed transmitters and receivers, optical wavelength
filters, optical frequency combs, sensors, quantum light sources, and so on. Nevertheless, single
resonators offer only a single degree of freedom, in the form of their longitudinal modes, to engineer
the propagation of photons. Arrays of coupled resonators, where photons can hop from one resonator
to its neighbors, provide an additional degree of freedom in the form of the supermodes of the array.
Such coupled-resonator systems have been recently used, for example, to implement topological
edge states, to engineer quantum light sources, and nested optical frequency combs.

In this thesis, we explore supermodes of different geometries of coupled resonator arrays,
for example, one-dimensional and two-dimensional arrays, with different boundary conditions (open
and closed), and their applications, for example, to generate quantum light. We use the simplified
single-mode approximation that is valid when the coupling strength between the resonators is smaller
than the free spectral range of the resonators. Using this formalism, we show that the supermode
spectra are constrained by the inherent dispersion and symmetries of the array. Our results could
lead to a better understanding of supermodes for applications in quantum light sources and optical
frequency combs.
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Chapter 1

Introduction

Integrated photonic ring resonators are one of the basic building blocks of integrated
photonic devices and circuits. They enable a number of applications, such as intensity modulation for
long-distance fiber-optic communication links and chip-scale communications between electronic
circuits [[1} 2 3], sensors [4]], wavelength filters, etc. More recently, ring resonators have also been
used to implement neuromorphic computing architectures. The addition of optical nonlinearities in
ring resonators, for example, the Kerr effect, opens the route to a host of other application domains
such as the on-chip generation of optical frequency combs that find applications in spectroscopy, pre-
cision time-keeping, LiDARs, wavelength-multiplexed transmitters, and so on [3, 16} 7, [8]]. Nonlinear
ring resonators also provide an opportunity to generate quantum light, for example, entangled photon
pairs on a chip [9, 10} [11].

Nevertheless, single-ring resonators offer only a single degree of freedom to control the
propagation of photons, in the form of their longitudinal modes (resonances). This inherent limitation
of single-ring resonators can be overcome using coupled-resonator systems that provide an additional
degree of freedom, the longitudinal modes of coupled resonators, to engineer and control the flow
of light [12, (13} [14]]. The resonators are evanescently coupled meaning that photons can hop from
one resonator to the neighboring resonators. Indeed, many such coupled-resonator systems have
been demonstrated in the last decade or so, including one-dimensional arrays of ring resonators to
implement on-chip optical delay lines [[15} 116} [17] and flat-top bandpass filters [[18], quantum light
sources [19,[20]. More recently, two-dimensional arrays of coupled-ring resonators have been used
to demonstrate the intriguing physics of topological edge states that are remarkably robust against
fabrication disorders, such as random variations in ring resonance frequencies or even a missing

ring resonator [21, 22 [23]]. Such topological ring resonator arrays have also been used to implement
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Figure 1.1: A ring resonator and its transmission spectrum at the drop and through ports.

robust, spectrally-engineered tunable quantum light sources [24, 25} 126]], and novel nested optical
frequency combs [27]].

A common challenge with coupled resonator arrays is the control over the supermode
structure, that is, the control over the frequencies where the supermode resonances appear. Usually,
coupled-resonator systems employ periodic 1D or 2D arrays. The supermode structure in these
periodic systems is governed by the lattice geometry, for example, the dimensions (1D or 2D) of
the array, the boundary conditions which could be open or periodic (open), the number of different
resonators that constitute a unit cell of the lattice, the underlying symmetries of the array, inclusion
of synthetic gauge fields, and so on.

In this thesis, we explore inverse-design techniques to spectrally engineer a specific
supermode or a set of supermodes of this otherwise uniform 1D or 2D resonator arrays. The goal of
this engineering will be to selectively shift the resonance frequency of a single or a pair of target
supermodes while fixing the resonance frequencies of all other supermodes. While we specifically
target ring resonators, our results are applicable to other coupled-resonator systems, for example,
those implemented using photonic crystal cavities.

The techniques that we use to engineer the supermodes of coupled resonator arrays are
inspired by some very recent demonstrations of engineering the uniformly-spaced (in the absence

of dispersion) longitudinal modes of a single-ring resonator [28| 29]]. For example, in Figure[I.3|
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we show a single-ring resonator whose width undergoes a sinusoidal modulation pattern with a
given frequency. This modulation pattern couples the clockwise (CW) and counter-clockwise
(CCW) circulating modes in the ring via back-scattering, and thereby, breaks the degeneracy of their
resonance frequencies and splits them. More importantly, the use of a sinusoidal pattern ensures that
the resonance frequencies of only a single longitudinal mode, whose phase distribution in the ring
coincides with the frequency of the modulation pattern, are shifted. This scheme can be extended to
include combinations of different frequencies that shift a set of target supermodes. This scheme has
been recently used to increase the efficiency of single-ring resonator-based optical frequency combs.
We will refer to such schemes that use periodic modulation patterns as Fourier transform-based
techniques.

Another inverse-design approach that has been demonstrated very recently uses an array of
holes in the ring resonator waveguides to achieve a target longitudinal mode structure [30]. The sizes
of the holes and their positions are calculated using a combination of Finite-Difference Time-Domain
(FDTD) and inverse-design approaches. Nevertheless, the underlying mechanism of engineering the
longitudinal mode structure is the same - the holes couple CW and CCW modes of the ring resonator
via back-scattering and the strength of this coupling controls the splitting between the resonance
frequencies. The main advantage of this technique, over the Fourier transform technique, is that the
coupling strength, and hence the splitting, can be designed to be different for different longitudinal
modes.

The central theme of the thesis is to use these inverse-design techniques to engineer the
supermodes of coupled-ring resonator arrays. The periodic modulation or the addition of holes in the
ring resonator waveguides (for a single-ring resonator) are emulated in the coupled-ring resonator
structure by modulating the resonance frequencies of the rings. We emphasize that, throughout this
thesis, the waveguides of individual ring resonators will not be modulated. For example, there will
not be any back-scattering-induced coupling between the CW and CCW modes of individual ring
resonators. Instead, we will couple the CW and CCW supermodes that propagate around the resonator
array. In principle, it is possible to modulate both, the individual ring resonator waveguides as well as
the ring resonance frequencies, and achieve a much more complex simultaneous engineering of both
the longitudinal modes of the individual rings and the supermodes of the array. Such engineering
is outside the scope of this thesis. Furthermore, all results presented in this thesis are numerical
simulation results, but our approach can be easily demonstrated in experiments, for example, using
silicon or silicon-nitride ring resonators.

The thesis is organized as follows:
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In Chapter 2, we will detail the single-mode approximation that we will use to describe a
single-ring resonator near one of its longitudinal mode frequencies. As the name suggests, this is an
approximation that treats the ring resonator as a single lumped element and ignores any variation of
light intensity along the ring resonator. This approximation is valid as long as the losses in the ring
are small compared to its free-spectral range, which is indeed the case for many applications of ring
resonators.

In Chapter 3, we will use the single-mode approximation, also referred to as the coupled-
mode theory, to describe coupled resonator arrays. Using this approach, we will write a Hamiltonian
matrix for the array. The eigenvalues and eigenvectors of this Hamiltonian matrix will yield the
resonance frequencies of the supermodes and their intensity profiles (or wavefunctions) in the array.
The supermode wavefunctions will provide useful information about the nature of supermodes,
for example, if they are traveling or standing-wave resonances, the phase they accumulate in the
array, the rings they occupy, their symmetries, and so on. We will specifically discuss 1D resonator
chains with open-boundary conditions, periodic boundary conditions, with synthetic gauge fields, 2D
resonator arrays on a square lattice, and 2D resonator arrays with synthetic gauge fields that exhibit
topological edge states.

In Chapter 4, we will show examples of Fourier transform techniques to engineer the
supermodes of arrays. Similar to single-ring resonators, we will use sinusoidal modulation (time-
independent) of ring resonance frequencies, that is, different rings in the array will have specifically
chosen resonance frequencies. We will demonstrate supermode engineering of 1D resonator chains
with open and periodic boundary conditions. We find that the discrete nature of the resonator array
prevents a very selective shift of a single supermode and it marginally shifts the resonance frequencies
of neighboring supermodes. We will also discuss this engineering in the context of 2D topological
arrays and find that this simple scheme fails because of the inherent robustness of edge states. We
used another scheme that couples CW and CCW modes within each ring resonator, but we found
that even this scheme is not able to selectively shift a single topological supermode.

In Chapter 5, we will use a combination of Fourier transform and genetic optimization (GO)
techniques to improve supermode engineering. Specifically, we will use GO to reduce the unintended
shifts in resonance frequencies of neighboring supermodes that appear when using Fourier transform
techniques to engineer a given supermode.

In Chapter 6, we will discuss a coupled-resonator quantum source of entangled photon
pairs that uses selective engineering of the supermodes to control the spectral-temporal correla-

tions/entanglement between photon pairs.
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In Chapter 7, we will present opportunities for more complex spectral engineering of
coupled resonator arrays that could enable spectrally-engineered nested optical frequency combs and

quantum light sources.



Chapter 2

Ring Resonators

Ring resonators find a number of applications in photonic integrated circuits, in the form of
modulators, optical-add-drop multiplexers, filters, sensors, and so on. At the most fundamental level,
a ring resonator is a waveguide folded onto itself (see Figure 2.1)). This folding leads to interference

effects such that only the frequencies satisfying the relation
w
—neffL: kL= m2r (2.1)
c

undergo constructive interference and survive in the ring. Here, w is the angular frequency of light,
neyy is the effective refractive index of the waveguide at the frequency w, L is the total length of the
resonator, and m is an integer. Therefore, k£ L is the total phase accumulated in the ring resonator,
with & = % n.yr being the propagation constant. The ring resonator exhibits a resonance, meaning
an increase in light intensity contained in the ring, at each frequency w that satisfies the above

relation. We label these resonance frequencies using w,, = Zlf;r 7. The modes corresponding to
e

these resonance frequencies are referred to as the longitudinal modes. A mode indexed by label m
accumulates a total phase of m27 around the ring resonator.
The angular frequency spacing between the modes is called the free-spectral range (FSR,

) and can be calculated as
_ 2mc 2wy

= =
ng L L

Here, n is the group index and it takes into account the variation of the refractive index as a function

2.2)

of frequency. vy = chq is the group velocity. The round-trip time 7., which is the time it would take
for a pulse to travel around the ring, is related to FSR (2 as

L 2
T = — = —.

v, O (2.3)
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Figure 2.1: Schematic of a Ring Resonator and light propagations

2.1 Input-Output Coupling and Single-Mode Approximation

To inject light in and out of the ring resonator, the resonator is usually placed in close
proximity to one or two straight waveguide sections as shown in Figure 2.1} The waveguides are
evanescently coupled to the ring resonator meaning that light traveling in the straight waveguide
(injected from the input port) can leak into the ring resonator. Similarly, light traveling in the ring
resonator waveguide can couple back into the input waveguide or the output waveguide. Figure 2.T]
shows the ring coupled to two waveguides - a geometry referred to as the add-drop filter with four
ports. If light is injected at the input port and its angular frequency is close to one of the resonance
frequencies, light couples to the ring and appears at the drop port. If the frequency of the incoming
light is far away from the resonance frequency, the light does not couple to the ring resonator and it
appears on the through port.

For a given frequency, the fraction of input light intensity that appears at the drop/through
ports, and the intensity of light in the ring resonator can be calculated using the single-mode
approximation (SMA) [1]]. This approximation is valid when the total loss of the ring resonator,
that is, the extrinsic loss to input/output waveguides and the intrinsic loss due to any absorption or
scattering from ring waveguides is small. Furthermore, this approximation represents the dynamics
of the ring resonator only near one of the resonance frequencies (indicated as wy).

In this approximation, we represent the ring as a lumped element with energy amplitude a,

which is related to the power |£|? as

2% |gP? 2.4

lal* = €I (2.4)
The equation that describes the evolution of the amplitude a is given as [[1]]
da ,

i —iwo @ — (2Kep + Kin) @+ 1V 2keg Eim e "L (2.5)
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Here wy is the resonance frequency for a given mode. ke is the loss to input/output waveguides
and is referred to as the extrinsic loss. x;, 1s the intrinsic loss due to absorption or scattering. We
included a factor of 2 in the extrinsic loss Kz to account for loss to the two input/output waveguides
(add-drop filter geometry). &;, is the input electric field amplitude such that | &;,|? is the input
power. The angular frequency of the incoming field is w.

—twt

Using a solution of the type a = ae in the above equation, the steady-state solution

for the amplitude a in the ring resonator can be calculated as

_ V2 Kex Ein
- (W —wo) + (2kex + Kin) 26

The total energy in the ring resonator is calculated as

2 Key
+ (2Hem + Hin)

laf® = [Einl® . 2.7)

(w — wo) >
The energy in the ring is maximum when the incoming light frequency w coincides with the ring
resonance frequency wy.

The electric field amplitude £p at the drop port is related to a as

. —2 Kez Ein
ED = 1 V2Kera = — . 2.8
b “ —1 (W - WO) + (2Kex + ﬁin) 28)

Similarly, the electric field amplitude E7 at the through port is

—i(w —wp) + Kin

Er =& v/ 2 = & . 29
T in T Rex G in_, (w — WO) T (2l‘fe;r T ffin,) (2.9)
Using these equations, we can write the output powers at the drop and through ports as
4 2
Pp = |&p* = Py A ; (2.10)
( - wO) + <2H/CCC + ’fm)
2,
Pro= [grf= Py OO . Q.11)
( - WO) + (Q’Qex + "Cm)
(2.12)

We find that at resonance, that is, w = wyq, and for k;, = 0, Ep = &;, and Ep = 0. As
mentioned earlier, at resonance, the output at the through port is zero and all light intensity appears
at the drop port. For a finite loss, x;, # 0, the output at the drop port reduces, and that at the through
port increases.

Figure[2.2|shows a typical transmission spectrum for the ring resonator at both the drop and

the through ports, calculated using k., = 1 and k;,, = 0.1. We find that, because of the finite loss of
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Figure 2.2: Transmission spectrum of a ring resonator at the drop and through ports.

the ring resonator, light of frequency close to the ring resonance frequency wg can have appreciable
intensity in the ring resonator. The bandwidth of the transmission spectrum can be calculated as
2 (2Kex + Kin). We emphasize that the ring exhibits a similar transmission spectrum at each of its
resonance frequencies w,,. The above SMA analysis holds nearly only one of these resonances. In
this thesis, we will exclusively use the single-mode approximation when we discuss the modes of the

coupled resonator arrays.

2.2 Pseudospins in a Ring Resonator

A ring resonator supports two directions of circulation in the ring, clockwise (CW) and
counter-clockwise (CCW) (Figure [2.3). We will refer to them as two pseudospins. We can excite
either pseudospin by appropriately choosing the input port. For example, in Figure [2.1] we light is
injected at the input port, it will excite the CW propagating pseudospin in the ring. In contrast, if
light is injected from the drop port, it will excite the CCW pseudospin in the ring.

In the absence of any back-scattering from the ring waveguides, the two pseudospins are
decoupled from each other meaning that exciting one of the pseudospins does not excite the other
pseudospin. Furthermore, the two pseudospins are time-reversed pairs and they exhibit the same
resonance frequencies because they both acquire the same phase in the ring resonator.

Nevertheless, any unintentional back-scattering in the waveguides or specially designed
structures to induce back-scattering (Figure [2.3].b) will couple the two spins. This coupling will

break the degeneracy between the two pseudospins and it will create a frequency splitting between

10
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to induce back-scattering effects and couple two pseudospins.

the two eigenmodes of the ring. We will discuss this frequency splitting in the next chapter.

11



Chapter 3

Coupled Ring Resonator Arrays

As we discussed in the last chapter, a ring resonator supports multiple longitudinal modes,
exactly one mode at each at its resonance frequencies w,,. By coupling multiple resonators together,
for example, in the form of 1D or 2D lattices, we can achieve a number of supermodes around each
resonance frequency w,,. These supermodes provide an additional degree of freedom to control the
photonic spectral mode structure. Only very recently, these supermodes have been used, for example,
to implement high-order on-chip spectral filters, implement topologically robust phases of light,
realize topologically robust lasers, generate quantum states of light with engineered spectral-temporal
correlations, for generating nested optical frequency combs, etc. In this chapter, we will discuss the
tight-binding Hamiltonian formalism that we will use to describe such coupled-resonator systems

and the properties of their supermodes.

3.1 Hamiltonian formalism for a photonic molecule

To understand the Hamiltonian description of coupled resonator systems, we will first
describe a photonic molecule, that is, a system of two resonators that are coupled together using
evanescent field coupling (see Figure [3.1). For simplicity, we will assume that the two rings are
identical and have the same resonance frequency wy. This system can be described using the
Hamiltonian

H = woaial + wgagag — Jagal - JaJ{ag. (3.1)

Here, a; and a9 are the annihilation operators for photons in the first and second rings, respectively.
aJ{ and ag are the corresponding creation operators. The first two terms represent the self-energy of

the two ring resonators, and the last two terms represent the hopping of photons between the two
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Figure 3.1: Schematic of a system of two coupled resonators.

resonators. Here .J is the strength of coupling between the resonators such that the coupling strength
increases when the two resonators are brought together.

This Hamiltonian can be expressed in the matrix form as

wog —J a
H=(af of) ™ . (3.2)
—J wo a9
The two eigenvalues of this 2 x 2 Hamiltonian matrix can be calculated to be w; = wg + J and
w_ = wg — J. Thus, we find that the eigenvalues of two ring resonators, originally with the same
resonance frequencies, have split into a pair of resonances with a frequency difference 2.J.

The corresponding eigenfunctions of this Hamiltonian can be calculated as

1 (1 1 1

_ _ _ 33
o=l ] we= (33)
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The eigenfunction |¢)) _, with corresponding eigenvalue w_, is the symmetric combination
of both resonator modes. Similarly, the eigenfunction |¢))  , with corresponding eigenvalue w ., is

the anti-symmetric combination of both resonator modes.

3.2 Coupling of Two Pseudo-Spins in a Ring Resonator

As we discussed in Chapter 2, a ring resonator supports two pseudospins which are the
modes circulating around the ring in CW and CCW directions. These two pseudospins are decoupled
and degenerate in their resonance frequency in the absence of any back-scattering. Any coupling
(intentional or unintentional) will couple the two pseudospins and lift this degeneracy. In this section,
we will describe this coupling using the Hamiltonian formalism we used for a photonic molecule.

We will begin by representing the CW and CCW circulating modes with corresponding

amplitudes acw and acow. The Hamiltonian is then written as

H = wgaTCWa(;W + woaTCCWaCCW — JaTCCWaCW — JaTCWaCCW 3.4
B : ; wp —f acw

- <acw accw) : 3.5)
—B  wo accw

Here, S is the coupling factor between the CW and CCW modes. Following our analysis of the
photonic molecule, we can calculate the eigenfrequencies (or resonance frequencies) of the system as
w4t = wo £ B, and the corresponding eigenfunctions are symmetric and anti-symmetric combinations
of CW and CCW propagating modes. We note that even exciting a single pseudospin from the input
port will lead to the excitation of both the pseudospins in the ring resonator. In Chapter 4, We will

use this coupling to engineer the modes of coupled resonator systems.

3.3 1D Coupled-Resonator Chain

We will now discuss a 1D chain of coupled resonators as shown in Figure [3.2] For
simplicity, here we will assume that all the ring resonators have the same resonance frequency wy.
Furthermore, each ring is only coupled to its nearest neighbors, with the coupling strength J. The

Hamiltonian describing this 1D chain of /N resonators is written as

N N-1 N-1
H = Zwoa};an —J Z aIH_lan —J Z aILanH. (3.6)
n=1 n=1 n=1
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Figure 3.2: Schematic of a 1D chain of resonators.

Here, we have labeled the ring resonators from left to right as n = 1 to N (see Figure[3.1)). As before,
the first term wy a;ﬂan represents the self-energy of the n*” resonator. The term .J aL | 10Gn rEpresents
the hopping of photons towards the right. The term J aLan,l represents the hopping of photons
towards the left.

This Hamiltonian can be represented in the matrix form as
wo —J 0 e 0 al

—J wo -J ... 0 as
) _ _ (3.7)

HZ(aJ{ ag aJ]rV
0 0 —J wo an

For a chain with N resonators, the dimension of the Hamiltonian matrix is N x N, and
accordingly, it exhibits [V eigenvalues and /N eigenvectors. The eigenvalues of this chain are the
resonance frequencies of the supermodes of the chain, and the corresponding eigenfunctions are the
longitudinal modes of the chain.

Figure[3.3].a shows the calculated eigenvalues for a chain of 20 resonators. The eigenvalues
are symmetric around wp and follow the equation

w™ = wo + sin <(n—]\]f\7/2)7r> . (3.8)

Figure [3.3] .b-d show intensity distribution (calculated using the absolute square of the
eigenfunctions) in the resonator chain for three different eigenvalues. We find that the intensity
distribution in the chain follows a sinusoidal pattern. Furthermore, the frequency of oscillation of this
pattern increases with the energy of the eigenfunction. This sinusoidal intensity distribution indicates
that the supermodes of this 1D resonator chain are in fact the longitudinal modes of a standing-wave

resonator similar to that of a stretched string.
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3.4 1D Coupled-Resonator Super-Ring

Next, we discuss a super-ring made of ring resonators, that is, a 1D resonator chain with
periodic boundary conditions (see Figure [3.4). We will see that changing the boundary condition
changes the nature of the longitudinal modes of the array.

This periodic chain is described by a Hamiltonian
N N-1 N-1
H = Zwoalan —J Z aLHan —J Z CLL(ITL+1 — Ja}fval — Ja];aN. 3.9
n=1 n=1 n=1

which includes the hopping of photons between resonator 1 and V.

In Figure [3.5] we plot the calculated eigenvalues for this super-ring. We find that the
eigenvalues are now doubly degenerate, that is, eigenvalues always appear in pairs (except the first
and the last eigenvalues).

In Figure[3.5].b and ¢, we plot the intensity distribution in the supermode for two different
eigenfrequencies. We find that the intensity distribution in the super-ring is uniform. This is in
contrast to the 1D resonator chain with open-boundary conditions where the intensity distribution
exhibits a sinusoidal oscillating pattern. This clearly indicates that the supermodes of this super-
ring structure correspond to the longitudinal modes of the super-ring that form traveling waves.
Furthermore, the pair of degenerate eigenvalues correspond to waves traveling around the super-ring
in clockwise (CW) and counter-clockwise (CCW) directions. This is evidenced by the phase that the
eigenmodes acquire when propagating through one round-trip of the super-ring. For example, the
second eigenmode (indicated in Figure .b) acquires a phase of 427 through the lattice. The third
eigenmode in Figure [3.5].c, which is degenerate with the second eigenmode, acquires a phase —27
through the lattice. We find that these longitudinal supermodes of the periodic 1D array behave in a
very similar way to the longitudinal modes of a single-ring resonator, that is, they exhibit a two-fold
degeneracy, the degenerate eigenstates circulate around the lattice in opposite directions, and the
phase acquired by the supermodes is £m 27. Therefore, we refer to this 1D array with periodic

boundary conditions as a super-ring.

3.5 2D Resonator Arrays on a Square Lattice

In this section, we will discuss a 2D array of ring resonators arranged in the form of a
square lattice (see Figure [3.6). We will label the rings using two indices (x, y) that are the locations

of the ring along the x—axis and y—axis, respectively. As before, for simplicity, we will assume that
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Figure 3.6: Schematic of a 2D array of ring resonators and the labeling scheme.

all the rings are the same with resonance frequency wg. Furthermore, the rings are coupled only to
their nearest neighbors, both along the horizontal and the vertical directions, with coupling strength
J.

The Hamiltonian for this 2D square lattice can be written as

NI Ny

H = Z Z [woagyaz,y — Jal-:7y+1az7y — Jalyax,y-‘,-l — Ja;rcjtl,y%:y — Jai7yaw+17y (3.10)
z=1y=1

Here, a,, is the annihilation operator at a lattice site (1m,n). The term J al y+10a,y Tepresents the

.|.
41,y

along the +ve r—axis, and so on. N, and [V, are the number of lattice sites along the x—axis and

hopping of photons along the 4-ve y—axis, the term Ja a , represents the hopping of photons
y— axis, respectively. The total number of rings in the lattice is N = N, x N,.

Accordingly, the Hamiltonian for this lattice is a matrix of dimension N x N and exhibits
N eigenvalues and N eigenfunctions. Figure|3.7|.a shows the calculated eigenvalues for a 10 x 10
array, with wg = 0 and J = 1. Figure[3.7].b shows the intensity distribution in the lattice for two
eigenvalues as indicated in Figure .a. We find that the eigenvalues are symmetric around wq and

they constitute a single band without any bandgaps.

3.6 Topological 2D Resonator Arrays with a Synthetic Magnetic Field

In this section we will discuss the introduction of a synthetic magnetic field in the 2D

square lattice of ring resonators, and how it leads to the emergence of topologically robust edge
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states. We will follow the model introduced in Refs. [21}22] that implements the integer quantum
Hall model for photons.

Specifically, in this model, the photons acquire a direction and position-dependent phase
as they hop between the neighboring lattice site of the 2D array. This hopping phase is chosen
to be ¢, = +27m a n when the photons hop along the positive x—axis at the y—location n (see
Figure[3.8)). The hopping phase is ¢,, = —27 « n when the photons hop along the negative z—axis
at the y—location n. The direction dependence of the hopping phase is evident in the sign of the
hopping phase, and its position dependence is given by the y—location n. Here « is a number of the
form % where p and ¢ are mutually prime integers.

This choice of hopping phases leads to an interesting scenario where the hopping phase
is +¢ = 2w« whenever the photons hop in any plaquette (a unit of 4 lattice sites) of the lattice in
the clockwise direction. But, the hopping phase is —¢ = —2mwa when the photons hop around any
plaquette in the counter-clockwise direction. It has been shown that this uniform hopping phase
is equivalent to having a uniform synthetic magnetic field in the lattice and this photonic system
simulates the integer quantum Hall model for electrons. This choice of hopping phases implements
the Landau gauge with a magnetic field flux ¢ pointing perpendicular to the 2D Ilattice.

The Hamiltonian for this 2D system with a magnetic flux is written as

Nz Ny
H = Z Z [woal,ya%y — Jal’yﬂa%y — Jal7yax7y+1 — J6i¢"al+17yaz7y — Jeii%agyax_i_l,y
o (3.11)
Note that the hopping phase ¢,, is included only for photons hopping along the z—axis, its magnitude
is a function of the y—location n and its sign depends on the hopping direction along the x—axis.

Figure shows the calculated eigenvalues for a 10 x 10 lattice of rings, with o« = 1/4
and ¢ = /2. We see the emergence of distinct bands as highlighted in the figure. In particular, we
find two edge bands and four bulk bands. The intensity distribution corresponding to eigenvalues in
the edge bands is confined to the edge (boundary) of the lattice (see Figure .a). Furthermore, the
eigenfunctions in the two edge bands are distinct as they propagate around the lattice in opposite
directions (CW and CCW). Their circulation direction in the lattice can be inferred from the flow of
their probability currents. In contrast to the states in the edge bands, the intensity distribution for
states in the bulk bands is distributed in the bulk of the lattice.

The edge states are topologically protected against disorders, for example, in the ring
resonance frequencies [31]. To show this disorder, in Figure|3.10, we plot calculated eigenvalues for

5 different realizations of the lattice with random disorders, with peak frequency shift dw = £0.5.J)
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on the ring resonance frequencies wg. We clearly see that the eigenfrequencies corresponding to the
edge states are very robust against these intensive disorders whereas those of the bulk states are very
susceptible to the disorder.

In experimental realizations, the synthetic magnetic flux is introduced using two sets of ring
resonators, called the site and the link rings [21, 22]. The link rings are positioned asymmetrically
between the site rings which leads to the introduction of a direction-dependent hopping phase
between the site rings. Furthermore, in an experimental realization, the disorder originates from the
inherent imperfections in the fabrication process that lead to random variations in the ring resonance

frequencies, their coupling strengths, and also the hopping phases ¢,,.
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Chapter 4

Engineering Supermodes using Fourier

techniques

As we discussed in the last chapter, near a single resonance frequency of the rings, coupled
resonator arrays can be conveniently described using the tight-binding Hamiltonian formalism. The
eigenvalues and the corresponding eigenfunctions of this Hamiltonian yield the resonance frequencies
and corresponding wavefunctions of the supermodes of the resonator arrays. We note that we mostly
considered uniform arrays with identical ring resonance frequencies and uniform coupling strengths.

In this chapter, we will explore the possibility of engineering the eigenvalues and eigen-
functions of supermodes using Fourier transform techniques, for example, by detuning the ring
resonance frequencies in a sinusoidal pattern. Using these techniques, the goal is to selectively target
the resonance frequencies of a given set of supermodes. We find that depending on the boundary
conditions (OBC, PBC) of the coupled resonator array, a different scheme is required to engineer the
eigenfrequencies of the supermodes. More specifically, for 1D resonator chains with open-boundary
conditions, we can target a given supermode by varying the ring resonance frequencies. In contrast,
for a 1D resonator chain with periodic boundary conditions (PBC), we need a controlled coupling
(back-scattering) between CW and CCW propagating modes of a single-ring resonator.

These techniques are motivated by the recent demonstrations of engineering the longitudi-
nal modes of single-ring resonators [28, 29, 130]. For example, a sinusoidal variation along the ring
waveguide width, and therefore, the effective refractive index, manifests as a coherent back-scattering
that couples forward and backward propagating waves for only one of the longitudinal modes and

lifts their degeneracy.
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Figure 4.1: a. Schematic of a 1D resonator chain with OBC and modulated ring resonance frequencies.
An example modulation pattern is shown in b.

4.1 Engineering 1D Chains with OBC

As our first example of engineering supermodes of coupled resonator arrays, we investigate
a 1D resonator chain with open boundaries. For a uniform array, with identical ring resonance
frequencies and uniform coupling strengths, the Hamiltonian and the calculated eigenvalues and
eigenfunctions were discussed in Section 3.3. Here, we introduce a sinusoidal modulation (time-
independent) on ring resonance frequencies as a function of the position of the ring along the chain
(see Figure {.T)). This modulation is written as

dw (n) = dwy sin (27Tf %) , 4.1)

where dwy is the strength of modulation, f is the frequency factor of modulation, n is the index
corresponding to the position of the ring in the chain.

With this modulation, the Hamiltonian takes the form

N N-1 N-1
H= Z (wo + 6w (n)) ala, —J Z aLHan —-J Z a1 4.2)
n=1 n=1 n=1

Figure [4.2] shows the calculated eigenvalues of this modulated Hamiltonian for an N = 40
resonator chain with f = 10, dwp = 0.2 J and compares it with those of the original Hamiltonian
(dwp = 0). We find that modes 10, 11 show a significant shift in their resonance frequency. The

resonance frequency of mode 10 is shifted down whereas that of mode 11 is shifted up. In Figure[d.2]
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Figure 4.3: 1D chain of 40 resonators with OBC: modulation pattern as a sum of two frequencies,
a comparison of original and modulated eigenvalues, and the intensity pattern before and after
modulation.

we also compare the corresponding intensity profiles in the array for the original and the modulated
Hamiltonian and find that both exhibit a standing-wave pattern as expected.

To understand this relatively selective shift of a single eigenmode using a sinusoidal
modulation, we note that the modes of the 1D resonator chain with OBC are standing waves with
different spatial frequencies, and are therefore, orthogonal. Therefore, a sinusoidal modulation with
a given spatial frequency predominantly affects the mode that has the same spatial frequency (see
Figure [4.2).

We can extend this modulation scheme such that we use a sum of two different sinusoidal

modulation patterns with different frequencies, that is,
0w (n) = By sin (2mfr - ) + ws sin (27> 1 ) 4.3)
w(n) = dwy sin (2mfi wy sin (2mfy — |, .

In Figure .3] we show the corresponding results for N = 40, f; = 10, fo = 16,
dwi = dwo = 0.2 J. Now, we find that the set of eigenmodes 10,11 and 16,17 are shifted the most.
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The energies of modes 10 and 16 are shifted down, whereas those of modes 11 and 17 are shifted up.
As before, we find that the eigenmode energies are shifted in pairs, one mode shifting down and a
neighboring mode shifting up. The intensity profiles in the lattice still retain their standing-wave
behaviour.

In Figure [4.2] and Figure [4.3] we also observe significant shifts in resonance frequencies of
neighboring modes. These unintended shifts are because of the discrete nature of the modulation
pattern. In Chapter 5, we will attempt to use genetic optimization techniques, in addition to the

Fourier techniques, to minimize these unintended shifts.

4.2 Engineering 1D Super-rings with PBC

In this section, we focus on engineering eigenvalues of 1D coupled resonator chains with
periodic boundary conditions. As we discussed in the last chapter, the modes of 1D chains with PBC
are traveling waves that circulate around the lattice in clockwise and counter-clockwise directions.
Furthermore, these modes exhibit a two-fold degeneracy.

As before, we use a sinusoidal modulation pattern of the ring resonance frequencies. For
this demonstration, we chose N = 40 and a modulation pattern

8w (n) = 0.2 sin (27r10 %) : (4.4)

such that the amplitude of modulation dwy = 0.2 and frequency factor f = 10. Figure shows
the modulation pattern and a comparison of the original eigenvalues and the modulated eigenvalues.
In this case, we find that two sets of modes n = 10,11 and n = 30, 31 show significant shifts in
eigenvalues. The energies of modes 10 and 30 are shifted down, and those of modes 11 and 31 are
shifted up. The first set of modes that show shifts coincides with the frequency of modulation f and
the second coincides with NV — f. Furthermore, this is in stark contrast to the 1D chain with OBC
where only one set of modes shows significant shift.

On closer inspection, we also find that this modulation pattern on the ring resonance
frequencies breaks the two-fold degeneracy of only these two pairs of modes (10-11 and 30-31). In
each pair, one of the modes is shifted towards higher energy and the other towards lower energy. The
other modes, although shifted in frequency, retain their degeneracy.

In Figure we also plot the intensity distributions for the 10" mode before and after
modulation. Before modulation, the mode exhibits a uniform intensity distribution which is consistent

with that of a traveling-wave resonator. However, after the modulation, the split modes exhibit a
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Figure 4.5: 1D chain of 40 resonators with PBC: modulation pattern as a sum of two frequencies,
a comparison of original and modulated eigenvalues, and the intensity pattern before and after
modulation.

standing-wave type intensity pattern that indicates modulation-induced coupling of forward and
backward propagating modes. This coupling is consistent with the splitting of the eigenvalues
observed in Figure[4.4] These results are interesting in the sense that all the modes of the super-ring
are of the traveling-wave type with equal intensity distribution at each resonator. Even then, a
sinusoidal modulation breaks the degeneracy of only two pairs of modes.

As before, we can extend this scheme to introduce a sum of two modulation patterns with

different frequencies of the form
0w (n) = By sin (2mfr - ) + bws sin (27> 1 ) 4.5)
w(n) = dwy sin (2mfi wy sin (2mfy — | .

where f1, fo are the two modulation frequencies, and dw;, dws are their respective amplitudes.
In Figure [4.3] we plot the original and modulated eigenvalues for N = 40, f; = 10, fo = 16,

and dw; = dws = 0.2 J. As expected, we now observe a splitting of four sets of modes at
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Figure 4.6: Engineering edge modes of the topological 2D resonator array using back-scattering.

n = (10,11), (30,31), (16,17), (24,25) in Figure These results indicate that we could
create more complex modulation patterns for ring resonance frequencies to introduce greater control

over the eigenmode structure.

4.3 Engineering Back-scattering in 2D Lattice with Synthetic Magnetic
Field

In this section, we will discuss the engineering of the supermodes, in particular the edge
modes, of the topological 2D array with a uniform synthetic magnetic field. The goal will be to shift
the eigenenergy (resonance frequency) of only one or a pair of edge states. The edge modes circulate
around the lattice boundary and are, in some sense, similar to the supermodes of the super-ring (1D
array with periodic boundary conditions). Similar to the super-ring, they exhibit CW and CCW
circulating edge states around the lattice that form a traveling-wave super-resonator. However, unlike
the 1D super-ring, the CW and CCW circulating edge states are not degenerate in frequency and are
separated by a large gap in the order of the coupling strength .J. This broken degeneracy is a result of

the synthetic magnetic field.
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This lack of degeneracy between CW and CCW edge states also leads to another major
distinction between the edge modes and the modes of the 1D array - the edge modes are robust
against variations in ring resonance frequencies. We showed this robustness of edge states against
random variations of ring resonance frequencies in Figure [3.10] Therefore, we can easily conclude
that creating a sinusoidal modulation pattern of ring resonances, as we did for the 1D chain, will not
work.

Therefore, we can resort to another degree of freedom, that is, the pseudospin of the
single-ring resonators - that is the circulation direction of light within each ring. The two pseudospins
(CW and CCW) form time-reversed partners. If at a given frequency, the edge states corresponding to
one pseudospin (say CW in individual rings) circulate around the lattice in a CW direction, then at the
same frequency, the edge states corresponding to the other pseudospin (CCW) will circulate around
the lattice in CCW direction. In other words, at a given frequency, the edge states corresponding to
the two pseudospins circulate in opposite directions around the lattice.

In the absence of any back-scattering in the rings, these pseudospins are decoupled, that
is, they are degenerate in frequency and each of them constitutes a traveling-wave super-resonator.
However, by introducing a back-scattering in each ring, we can couple the two pseudo-spins (at the
same frequency), and therefore, the CW and CCW propagating edge states. This coupling of CW
and CCW modes can then create a standing-wave pattern in the lattice.

Following our description of Chapter 2, of the pseudospin and the back-scattering induced
coupling, we simulated the introduction of back-scattering on the ring resonators located at the
edge of the lattice. As before, we introduce a sinusoidal modulation of the back-scattering strength
along the edge, and the results are shown in Figure 4.6] We find that this coupling indeed breaks the
degeneracy between the two pseudospins and creates a standing-wave like intensity pattern along the
edge of the lattice. However, the modulation pattern simultaneously splits the degeneracy of all the
edge modes, in both the edge bands. We tried modulation patterns with different frequencies, but we
were not able to shift the resonance frequency of a selected edge state resonance. This is probably

because of the unique topological characteristics and the robustness of edge states.

32



Chapter 5

Engineering Supermodes using Genetic

Optimization

As the results in Chapter 4 show, by applying a sinusoidal modulation pattern on the
individual resonator frequencies, we can engineer the resonance frequencies of the supermodes of the
1D coupled resonator arrays. The goal was to shift the resonance frequencies of a target supermode
or a set of supermodes. Nevertheless, we found that the supermodes other than the target super modes
are also shifted in their resonance frequencies to a significant extent. In this chapter, we show that by
using a genetic-optimization (GO) based inverse-design approach, we can significantly improve the
selective engineering of target supermodes. This approach also overcomes some of the limitations
of simple sinusoidal modulation patterns. For example, using sinusoidal modulation of a single
frequency, we always found a pair of neighboring modes were shifting up/down in energy. By using

GO, we can shift only one supermode without significantly impacting other supermodes.

5.1 Genetic Optimization Algorithm

Genes play a pivotal role in genetics and are the most basic unit of inheritance. By coding
the construction of protein structures, genes influence numerous characteristics of the body and
behavior. The DNA sequences of a species contain a large number of genes that are randomly
mutated by the environment, shuffled and recombined during sexual reproduction, providing a huge
diversity of options for the species. Individuals with advantageous traits are more likely to survive
and reproduce under the selection of natural conditions. Such processes drive evolution and allow

species to become more adapted to their environments.
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Figure 5.1: The specific Genetic Algorithm process in Ring Resonator Array Optimization.

The concept of genetic algorithms(GA), which are solutions that mimic the process of
natural selection described above, was introduced by John H. Holland [32]. Holland’s main realization
was that the mechanisms of natural selection and genetics could be abstracted and applied to
engineering problems. First, potential solution patterns were encoded into DNA-like data strings.
Then, mutation and crossover operations are performed to produce new generations of data. The
new generations are evaluated and selected for survival based on engineering requirements. By
continually repeating the above process, the solution population evolves towards better outcomes. In
recent years, there have been very many successful demonstrations of this optimization approach for
photonic applications [33} 134} 35]].

Here, we apply the genetic optimization algorithm to engineer supermodes of couple
resonator arrays. A pictorial description of the optimization process is shown in Figure[5.1} We start
with a sinusoidal modulation pattern that will approximately shift the resonance frequencies of target

supermodes, and also impose unintended shifts on supermodes. Small-mutation perturbations on
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the suggested sinusoidal modulation patterns create many derivative patterns and generate the initial
database. Subsequently, we implement mutation and recombination processes and evaluate population
of the mutated generation. The evaluation quantifies the difference between the eigenvalues of the
current generation and the desired supermode eigenvalues (with desired shifts) and then selects
optimal (fit) solutions to form a new database. This cycle completes one iteration of the algorithm.
We continue iterating until the algorithm converges to the optimal solution within specified tolerances.
We implement this optimization using the inbuilt *ga’ algorithm in Matlab.

In the following, we will show some examples of the genetic optimization of supermodes of
1D resonator arrays, and compare them against those obtained using simple Fourier-transform-based

sinusoidal modulation schemes presented.

5.2 Engineering supermodes in 1D resonator arrays with OBC

In this section, we present our results for the optimization of 1D resonator arrays with
open-boundary conditions. As a first step towards this goal, we quantify the fitness of a given member
of a population, that corresponds to a set of individual ring resonance frequencies, using a parameter

I" defined as

r= Z (v(i) |E(i) — Eo(i)])? (5.1)

i=1

where F is the set of calculated supermode eigenvalues for a given member of the population
corresponding to a set of individual ring resonance frequencies. Fj is the set of target supermode
eigenvalues. We use (i) as a weighting array that can screen for the fitness of a given eigenmode (a
given trait in the population).

Using this GA screening criterion, we implemented the optimization algorithm in Matlab
for a chain with N = 40 resonators and OBC. One example result is shown in Figure[5.2] Here we
target the shift of a single supermodes with indexes 8 and 9. As we saw in Chapter 4, the application

of a sinusoidal modulation of the ring resonance frequencies, with spatial frequency f = 8, shifts a

8th 9th

pair of modes with index 8 and 9 such that the energy of the mode is shifted down and the

mode is shifted up. In addition, eigenvalues of other supermodes are also shifted to a large extent. In

particular, modes 32 = 40 — 8 and 33 show a significant shift, almost as large as modes 8 and 9.
After genetic optimization, we find that the errors, that is, the unintended shifts in other

supermodes (other than 8" and 9'") are significantly reduced. The maximum unintended shift error,
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Figure 5.3: Optimization of a 40-ring 1D array with OBC where two pairs of modes are shifted. We
choose 0W; = Wy = 0.2, fi =8, fo = 14 and ; = 1.0 for all modes. a) The eigenvalues before
any modulation. b) The desired shifts § £/ in supermode eigenvalues, c)the shifts achieved after FT,

and d) the shifts after GO. e) The shifts in ring resonance frequencies from the sinusoidal modulation
and f) after GO.
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which was in modes 32 and 33, is now reduced from about 0.06 to about 0.02. We also note that the
shifts (dw) in resonance frequencies of individual resonators after GO show a modulation pattern
that is very similar to the sinusoidal modulation with frequency f = 8. These results clearly indicate
that the GO algorithm is performing better than the simple sinusoidal modulation pattern for the 1D
chain with OBC.

We extended this technique to include shifts in two sets of modes (8, 9) and (14, 15). This
is the same shift that we attempted using the sum of two sinusoidal modulations with frequencies
f1 =8, fo = 14. In Figure[5.3] we show the results before and after GO. Once again, we find that
with the sinusoidal modulation, there are significant errors, that is, unintended shifts in modes other
than the target modes. However, after GO, these errors are significantly reduced.

Next, we attempted to optimize the 40 resonator chain where only one of the target modes
(here 8) is shifted (Figure . As we saw, the sinusoidal modulation is not able to achieve such a
shift because it always shifts resonances in pairs. Nevertheless, using GO, we did achieve the desired
results, that is, only mode 8 was shifted down in energy whereas all other modes showed significantly
reduced shifts of the order of 0.02 J. Even in this case, we find that the resonance frequency shifts
on individual resonators show some oscillation pattern that is reminiscent of the original sinusoidal
modulation.

We attempted to achieve more complex shifts, for example, where only two or three modes,
but of different pairs were shifted (see Figure[5.5] and Figure [5.6). Both these engineered spectra can
not be achieved using simple sinusoidal modulations. However, for both these cases, GO achieved
supermode spectra that are very close to the desired spectra.

We note that the implementation and efficiency of this optimization algorithm in Matlab
depends on several key factors including the population size P of each generation, constraint tolerance
A, and elite count £C which is the fraction of the population in each generation that passes on to the
next generation without any mutations. Larger population size and elite count raise the precision
but also the processing time for optimization. For the results presented in Figure we choose
P = N3and EC = 0.1 * P, where N is the number of resonators in the array. Constraint tolerance
A is chosen to be 10~ such that the optimization process stops when the improvement in fitness I is
less than this threshold. For all cases, we found that the error in the best candidate of each generation
was optimized after as small as 30-50 generations, and iterating the algorithm beyond this number

only reduced the mean error of the population. The best candidate error did not change much.
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Figure 5.4: Optimization of a 40-ring 1D array with OBC where only one mode is shifted. We choose
oW1 =0.2, f =8, and «; = 1.0 for all modes. a) The eigenvalues before any modulation. b) The
desired shifts § E in supermode eigenvalues, c)the shifts achieved after FT, and d) the shifts after GO.
e) The shifts in ring resonance frequencies from the sinusoidal modulation and f) after GO.
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5.3 Engineering supermodes in 1D resonator arrays with PBC

As we saw in Chapter 3, the supermodes of a super-ring - a 1D array with PBC are traveling
waves with a two-fold degeneracy. In Chapter 4, we saw that a sinusoidal modulation of the ring
resonance frequencies, with spatial frequency f, lifts the degeneracy of two pairs of supermodes
fif+land N — f,N — f+ 1.

In this section, we will address the question: can we use genetic optimization in 1D arrays
to selectively shift the eigenvalues of only one pair of CW and CCW propagating supermodes? We
emphasize that the traveling-wave nature of the supermodes dictates that selectively shifting only
one supermode might not be feasible, and we have confirmed that this is indeed the case with GO.

Using a 40 resonator chain, with PBC, We first attempted to shift two pairs of modes
8,9 and 32, 33 - exactly the same as those shifted by a sinusoidal modulation with frequency f = 8.
The results are shown in Figure[5.6] As before, we see that the unintended shifts in other modes are
reduced. However, compared to the OBC, the improvement in the errors is not that significant. That
is simply because for the case of PBC, the sinusoidal modulation pattern works fairly well and the
errors are small to begin with. We also note that the two-fold degeneracy of only the 8,9 and 32, 33
modes is broken, and that of all the other modes is well preserved in both cases.

Next, we attempted to optimize the array such that only one pair of modes, 8 and 9 are
shifted. We found that the GO is not able to achieve this! Similar to the sinusoidal modulation, we
always find two pairs of modes (8,9 and 32, 33) that are shifted. This indicates that engineering
supermodes of the 1D resonator super-ring with PBC are constrained by the symmetries of the array
(such as the degeneracy of the CW and CCW propagating modes), and the GO is not able to break

these underlying symmetries.
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Chapter 6

Spectral Engineering of Coupled

Resonator Quantum Light Sources

Sources of quantum light, such as single photons and entangled photon pairs, enable
a number of quantum technologies such as secure quantum communications, quantum-enhanced
sensing, and quantum computation [36]. Using quantum light, secure quantum communications
between a ground station and a satellite have been demonstrated very recently. Similarly, quantum
computation, in the form of Boson sampling, has also been demonstrated using quantum light
sources.

Most of these demonstrations use quantum light generated using nonlinear spontaneous
parametric processes such as the Spontaneous Parametric Down Conversion (SPDC) and spontaneous
four-wave mixing (SFWM) [37]. Both these nonlinear processes generate pairs of photons that could
be entangled in energy-time (their frequency spectrum), polarization, spatial mode structure, or a
combination of these degrees of freedom. While it is relatively easy to implement such nonlinear
processes using free-space bulk optics, they are challenging to scale to many hundreds of photons
that would be required for practically relevant algorithms in quantum computation and simulation.

A scalable route to generate entangled photon pairs is by implementing SPDC or SFWM
processes on an integrated photonic chip using ring resonators that could be only a few 10s of um
in size [9, 110, 11]. The use of ring resonators provides resonant enhancement that leads to higher
generation rates. Simultaneously, the longitudinal modes of ring resonators provide a means to
implement frequency-bin entanglement that can subsequently be used to generate higher-dimensional

entanglement and cluster states.
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Very recently, coupled resonator arrays have been explored to further engineer the spectrum
of generated quantum light. In particular, in 1D arrays of resonators, with open-boundary conditions,
the supermodes of the array have been shown to control the number of spectral modes involved in
the generation of entangled photon pairs [19} 20]. Similarly, the 2D topological ring resonator arrays
have demonstrated the generation of quantum light with an engineered spectrum and also shown
their robustness against fabrication disorders [24, 25]]. Nevertheless, the supermodes of 1D and 2D
resonator arrays are usually regularly spaced in frequency. This structure gives rise to a quantum
frequency comb.

In this chapter, using 1D resonator arrays with periodic boundary conditions, we will show
that modulating the ring resonance frequencies using a sinusoidal pattern (or their combination)
can be used to selectively disable the generation of modes at a given supermode. Such engineered
quantum light sources could be dynamically tuned, for example, using thermal heaters, and could

find many applications in generating novel frequency-bin entangled quantum light states.

6.1 Quantum light generation using a single-ring resonator

The most commonly used quantum light sources on a photonic chip use single-ring
resonators made of silicon or silicon nitride [9, [10]. The Kerr nonlinearity of these materials gives
access to the SFWM process. In this process, two photons from a laser beam, called the pump beam
annihilate and generate two daughter photons, called the signal and the idler photons. The SFWM
process does not transfer any energy or momentum to the material such that the total energy and
momentum of the photons are conserved. Therefore, if the angular frequency of the pump photons
is wp and that of signal and idler photons is wy, w;, respectively, then energy conservation dictates
that 2w, = ws + w;. Similarly, the momentum conservation dictates that 2k, = ks + k;, where
kp, ks, k; are the momenta of the pump, signal and idler photons, respectively. For a ring resonator, at
its resonance frequency, the phase acquired by photons satisfies the relationship & L = m 27, where
m is an integer corresponding to the longitudinal mode number. Therefore, for the SFWM process
in a ring resonator, the momentum conservation relation can also be written as 2 m, = ms + m;.

If the pump, signal, and idler beams are positioned close to the resonance frequencies of the ring

2mc
neffL :

resonator, then wy s ; = mp s ; Neglecting dispersion, we can conclude that the relationship
2 my = ms + m; satisfies both energy band momentum conservation. This implies that if we pump
the mode with index m,,, then signal and idler photons are generated in modes mg and m; that are

located symmetrically around the pumped mode (see Figure [6.1]).
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Idler Photons Signal Photons

Pump

Figure 6.1: SFWM in a ring resonator. The signal and idler photon pairs are generated in modes
located symmetrically around the pumped mode. Joint spectral intensity (JSI) calculated for a
single-ring resonator showing energy-time entanglement between the generated signal and idler
photons.

The signal and idler photons within a pair are spectrally correlated (entangled), but the
photons from different pairs are independent and show no correlation. This spectral correlation
structure gives rise to a quantum comb with roughly equally spaced spectral modes that coincide
with the ring resonance frequencies.

The spectral correlations between each mode are depicted by the two-photon spectral

wavefunction ¢ (ws,w;), such |¢ (ws, w;) |, referred to as the joint-spectral intensity(JSI) is the

probability of simultaneously finding a signal photon at frequency ws and w;, and ¢ (ws,w;) |?, for a
given input pump frequency w,. The numerically calculated JSI for a single-ring resonator is shown
in Figure[6.T} for a pump frequency positioned at a resonance, that is, w, = wp, Where w,y, is the
resonance frequency corresponding to the pumped FSR. We specifically chose a pump with a narrow
bandwidth. This choice naturally gives rise to the emergence of energy-time entanglement in the
signal and idler photons. This entanglement is evident in the observation that the frequency of a
generated idler photon w; is dictated by the frequency of corresponding signal photon ws. In other
words, the two-photon spectral wavefunction is not factorizable ¢ (ws,w;) # f (ws) g (w;) - it can

not be written as a product of independent spectral wavefunctions of the signal and idler photons.

6.2 Quantum light generation using a 1D resonator chain

As we discussed in Chapter 3, for a 1D resonator chain, each longitudinal mode resonance
of a single ring splits into a number of supermodes that are the longitudinal modes of the array. In

Figure[6.2] .a, we plot the eigenvalues for a 20 resonator chain with periodic boundary conditions
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CHAPTER 6. SPECTRAL ENGINEERING OF COUPLED RESONATOR QUANTUM LIGHT SOURCES

and a total synthetic gauge flux 7. This flux breaks the degeneracy of the CW and CCW circulating
modes around the lattice.

In Figure .c, we plot the simulated JSI for this array with the pump frequency w,—w,, =
0.16.J, centered at one of the eigenvalues (n0.20). We observe the formation of a quantum comb in
the supermodes of the array such that there is a peak - the high intensity of generating signal and idler
photons - at each pair of supermodes located symmetrically around the pumped mode. Similar to a
single-ring resonator, the observed JSI in this case is not factorizable, and therefore, the generated
signal and idler photons will be energy-time entangled.

To engineer this JSI for the resonator array, we introduce a sinusoidal modulation of the
ring resonance frequency. As we saw earlier, this modulation targets a pair of modes that are located
symmetrically around the resonance frequency wg of the single-ring resonators.

As before, we introduce a sinusoidal modulation pattern on the ring resonance frequencies
that affects the eigenvalues of only one pair of modes that are located symmetrically around wy. Here,
we specifically use dw (n) = dwq sin (27712 %) The resultant eigenvalue spectrum is shown in
Figure .d. The simulated JSI for this 1D chain with periodic modulation is shown in Figure .t
We observe that a set of peaks, located symmetrically around the pump frequency, are missing from
the JSI. This means that the generation of signal and idler photons at these shifted eigenvalues is
no longer efficient. This is because of the shift in energy introduced by the modulation pattern that
subsequently breaks energy conservation for these eigenmodes. This result clearly demonstrates the
possibility of engineering spectral correlations generated using coupled multi-resonator arrays.

We can introduce a more complex modulation pattern that consists of a sum of two spatial

frequencies, of the form
) n . n
dw (n) = dwy sin (27Tf1 N> + dws sin (27Tf2 N) , (6.1)

where we chose f; = 10 and fo = 16. The simulated eigenvalue spectrum and the JSI for this
modulation pattern are also shown in Figure .g and i. We now observe the omission of two sets
of peaks, again located symmetrically around the pump frequency. This shows that our scheme
to engineer spectral correlation between generated photon pairs can be extended to more complex
patterns.

We note that, in addition to a targeted mode, the sinusoidal modulation pattern also shifts
neighboring eigenmodes to some extent. Nevertheless, we find that such intended shifts do not affect

the JSI significantly. This is because of the intrinsic (k;y,) and extrinsic losses (k) that result in a
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finite width of the resonances corresponding to each eigenmode. If the shifts in eigenenergies are

small compared to these linewidths, we do not expect to see a significant change in JSI.
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Chapter 7

Genetic Optimization for Compensation

of Fabrication Disorders

While coupled-resonator systems provide access to additional degrees of freedom to engi-
neer the propagation of photons, applications of such large-scale arrays are hindered by fabrication
disorders that lead to random variations in ring resonance frequencies. In the presence of such
disorders, the mode structure of a device can be very significantly different compared to the desired
spectrum, to the extent that the device might not be usable.

One solution to this problem of fabrication disorders is the use of topological features,
such as edge states, to ensure that the mode structure of the coupled resonator system is robust
against fabrication disorders. Indeed, the advantages of such topologically robust edge states over
conventional 1D arrays (with no robustness) have been experimentally demonstrated in photonic
devices fabricated using a commercial state-of-the-art fabrication process [38]. This robustness has
also been used to implement topologically robust sources of quantum light and optical frequency
combs [24, 27, 25]].

An engineering approach to compensate for fabrication disorders is to simply tune the
ring resonance frequencies after fabrication. This tuning could be achieved, for example, using
thermal heaters that are fabricated over the ring resonator waveguides. The heat generated by the
heaters changes the refractive index of the waveguide via the thermo-optic effect and thereby, tunes
the resonance frequency of the ring. This approach has been used for coupled-resonator systems
involving two or a few (7 10) rings.

While this approach of tuning ring resonances after fabrication is relatively straightforward,
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its implementation requires a measurement of the individual ring resonance frequencies so that the
required shift can be achieved with the heaters. This knowledge of individual ring resonance frequen-
cies, in a coupled resonator system with fixed couplings, is challenging because any measurement
would yield the response of the complete array. Such a measurement is also challenging because it
requires access to each ring using input/output waveguides that can lead to an extra loss on each ring
and could be very difficult to implement in 2D resonator arrays.

Previous implementations of thermally tuned ring resonator systems have addressed this
challenge by measuring the transmission spectrum of the coupled resonator system. As we discussed
earlier, the peaks (or dips) in the transmission spectrum are associated with the presence of supermode
resonances in the system. Therefore, a measurement of the transmission spectrum can be used to
estimate the positions of the supermode resonances (given the resonances are well resolved, which is
the case with low-loss systems). However, demonstrations of this approach have been mostly limited
to the system of two or only a few (" 10) coupled resonators where a brute-force optimization of the
transmission spectrum could be carried out to match it with a desired spectrum.

In this chapter, we will show that genetic optimization could be used to systematically
estimate the disorder-induced shifts in resonance frequencies of a coupled resonator array. We assume
that each resonator has a heater available to tune the individual resonance frequencies. We also
assume that the supermode resonances are well resolved in the transmission spectrum of the coupled
resonator system, that is, the total intrinsic and extrinsic loss of the array is small compared to the
coupling strength. This assumption has been made to simplify the numerical simulation protocol and
is also valid in many coupled resonator arrays.

The experimental protocol will involve selecting an initial population, that is, a set of
resonance frequency detunings to apply on the resonators and estimating the supermode resonances
via transmission measurements. The root-mean-square error in the estimated supermode resonances,
compared to the simulated/desired resonances, is fed into the optimization algorithm to get a new set
of populations, that is, a new set of detunings to apply on the resonators, that would lower the error.
Repeating this protocol, over many generations would yield a solution, that is, a set of resonance
frequency detunings for each resonator that will yield a supermode spectrum that is very close to the
simulated/desired spectrum without any disorders. In the following, we will present one example of
this approach using numerical simulations.

We start with a 1D resonator chain with 20 identical resonators with open boundary
conditions. We generate a set of random numbers, with a normal distribution in the range dwy =

£0.2J, which quantifies the strength of the disorder. These random numbers correspond to the
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Figure 7.1: Disorder compensation for a 1D resonator chain, with OBC, using genetic optimization.

disorder in the ring resonance frequencies, that is, wy — wo,,, Where wy is the designed resonance
frequency and wy_, is the actual resonance frequency or the ring (after fabrication). In Figure we
show the generated set of random resonance frequency shifts (corresponding to inherent disorder)

and compare them with the shifts estimated using genetic optimization.
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Chapter 8

Conclusions and Outlook

The supermodes of coupled resonator arrays provide a versatile platform for engineering
the dispersion, and therefore, propagation of photons. They have found applications such as optical
delay lines and buffers, flat-top wavelength filters, quantum light sources, and so on. Nevertheless,
existing approaches to designing coupled resonator arrays have been limited to simple lattices, such as
1D or 2D arrays with identical resonators. The choice of the lattice governs the resonance frequencies
of the supermodes and their dispersion characteristics.

In this thesis, starting with these simple resonator geometries as a template, we explored
the use of inverse design techniques to engineer their dispersion. We focused on two techniques, the
intuitive Fourier-transform-based techniques that use simple sinusoidal variations of ring resonance
frequencies, and the more general genetic-optimization-based techniques that go beyond intuition
and fine-tune the array to achieve a desired set of supermode resonance frequencies.

For both techniques, we found that the inherent mode structure of the array plays a
significant role in dictating possible supermode eigenvalue spectra. Specifically, we found that any
resonance shift in a target supermode results from its coupling to neighboring supermodes. For
the 1D array with OBC, this coupling was between different standing-wave type supermodes. For
the 1D array with PBC, this coupling was between CW and CCW traveling-wave supermodes and
was a result of the back-reflection caused by a change in the ring resonance frequencies. For the
OBC, it was possible to significantly shift a single target supermode while minimizing shifts of other
supermodes. For PBC, the double-degeneracy of the supermodes made it impossible to achieve a
selective shift of a single target supermode - the shift was always observed in a pair of supermodes
that acquire the same phase (m 2m) when circulating around the array.

For the 2D topological array, the supermodes of interest were the topological edge states.
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However, we found that the inherent robustness of the topological edge states precludes any variations
in the ring resonance frequencies to selectively shift a mode. We attempted to use back-scattering-
induced coupling between CW and CCW modes of individual resonators, but such a coupling would
split the degeneracy of all the edge modes and there was no selectivity.

We emphasize that while in this thesis we only presented a few examples of supermode
engineering, the techniques that we explored are very general and can be used to implement a much
more complex supermode spectrum in large arrays. Furthermore, while we focused on ring resonator
arrays, the techniques that we have developed can be directly applied to other resonator arrays,
for example, using photonic crystal cavities, microwave or superconducting resonator arrays. For
simplicity, we have also focused on a single optimization algorith, the genetic optimization which has
been recently used to engineer modes of single-ring resonators. Application of other optimization
algorithms could achieve better or faster results.

We presented an application of supermode engineering, that is, engineering the spectral
correlations between energy-time entangled photons generated via spontaneous four-wave mix-
ing. We found that shifting the energy of a given supermode can break the energy conservation
and, therefore, suppress the generation of signal/idler photons corresponding to those particular
supermodes. This scheme could be extended to generate designer quantum states of light that are
frequency-bin entangled, for example, in higher dimensions using supermodes of coupled resonators
or continuous-variable cluster states.

We note that, in addition to a significant energy shift of only one or more target supermodes,
we always observe some intended shifts in neighboring modes. These shifts could be significant or
negligible depending on the technique used for their optimization and their relation with the target
supermode. More importantly, we note that if such unintended shifts, in modes other than the target
supermode, are smaller than the linewidth of the supermodes, they might be ignored. We saw one
example of this phenomenon when calculating the joint-spectral intensity of signal-idler photon pairs.
The generation of photons was suppressed only by the supermode that was shifted very significantly
in energy. Photon pair generation in other supermodes that showed small shifts was not affected
significantly.

In the future, we believe that this technique could be very easily extended to engineer a
novel class of nonlinear optical frequency combs, called nested combs, that can be generated using
coupled resonator arrays [27]. Specifically, the generation of optical frequency combs using Kerr
nonlinearities is very susceptible to the dispersion of the resonators as well as that of the supermodes.

By using inverse design techniques, it might be possible to specifically omit particular comb teeth
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or to enhance the intensity of particular comb teeth. Such engineered nested combs could find

applications in spectroscopy, on-chip microwave synthesis using photonics, LiIDARs and so on.
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